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COMPUTING EULER OBSTRUCTION FUNCTIONS USING MAXIMUM
LIKELIHOOD DEGREES
JOSE ISRAEL RODRIGUEZ AND BOTONG WANG
Abstract. We give a numerical algorithm computing Euler obstruction functions using maxi-
mum likelihood degrees. The maximum likelihood degree is a well-studied property of a variety
in algebraic statistics and computational algebraic geometry. In this article we use this degree
to give a new way to compute Euler obstruction functions. We define the maximum likelihood
obstruction function and show how it coincides with the Euler obstruction function. With this
insight, we are able to bring new tools of computational algebraic geometry to study Euler ob-
struction functions.
1. Introduction
The topology of algebraic varieties is a well-studied subject in algebraic geometry. A cele-
brated result is the generalization of Chern classes to singular algebraic varieties by Macpher-
son, which confirmed a conjecture of Deligne and Grothendieck. In [8], Macpherson defined
Chern-Schwartz-Macpherson (CSM) classes by introducing the (local) Euler obstruction func-
tion. The Euler obstruction function is a canonically defined invariant attached to any complex
algebraic or analytic variety. By the formula in [8, Section 3], knowing the Euler obstruction of
a variety is equivalent to knowing the Chern-Schwartz-Macpherson classes of the variety.
Given an algebraic (or analytic) variety X, its Euler obstruction function EuX is an integer
valued function on X. It is constant on each stratum of any Whitney stratification, and hence
a constructible function. Even though the definition of the EuX is global, its value at a point
P ∈ X only depends on the analytic germ of X at P. Thus, the Euler obstruction function is
essentially a local invariant. In [8], Macpherson defined EuX as an obstruction of extending
a holomorphic function on the Nash blowup. Because of its abstract nature, it is hard to
compute the value of the Euler obstruction using this definition. In [1], an equivalent definition
of EuX is given using Euler characteristics of some complex links (see also [3]). To compute
EuX using the second definition requires knowing a Whitney stratification and computing the
Euler characteristics of various complex links (see Definition 2.3).
The purpose of this paper is to introduce an algorithm to compute the value of the Eu-
ler obstruction function EuX at any given point P ∈ X using the coordinates of P and the
defining equations of the algebraic variety X as an input. The algorithm does not require any
knowledge of a Whitney stratification. We use numerical computation of maximum likelihood
degrees of very affine varieties to determine the values of the Euler obstruction function. Our
algorithm computes the number of critical points of a general monomial on a sequence of va-
rieties obtained from X by intersecting and removing hyperplanes. Since the algorithm does
not use the inclusion-exclusion principle, it is relatively effective and we compute examples in
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Section 4. While our presentation is for very affine varieties, our methods can be generalized
to affine varieties by applying a change of coordinates as seen in Example 4.3.
1.1. Maximum likelihood obstruction function. Let T = (C∗)N be an affine complex torus
with coordinates z1, . . . , zN . Let X be a closed pure dimensional (not necessarily irreducible)
subvariety of T. Consider η, the (left) invariant holomorphic 1-form on T defined as
η := µ1
dz1
z1
+ µ2
dz2
z2
+ · · ·+ µN dzN
zN
,
where µi ∈ C, and denote its restriction to X by ηX . When the coefficients µi are general, ηX
degenerates at finitely many points and this number of points remains constant. We define
the maximum likelihood degree (ML degree) of X, denoted by MLdeg(X), to be the number
of degeneration points of ηX for general µi. The notion of ML degree as first introduced in
[2, 6]. For a more geometric interpretation of this definition, we refer to [7]. Moreover, in [5]
the Gaussian degree is in some cases equivalent to the ML degree. Our convention is that the
ML degree of an empty set is zero.
Remark 1.1. By general, we mean there exists a Zariski open dense subset of (µ1, . . . , µN) ∈ CN
where the ML degree is constant.
Remark 1.2. The definition of MLdeg(X) depends on the embedding of X to T. However, we
will see later that MLdeg(X) is indeed a stratified topological invariant of X, and hence does
not depend on the embedding.
Let f := ∑1≤i≤N aizi + b denote a linear function on (C∗)
N , where ai, b ∈ C, and at least one
of the ai is nonzero. We define a hyperplane H in T to be the zero set of f . Then, we have a
natural closed embedding of T \ H to (C∗)N+1 given by
(z1, . . . , zN , f ) : T \ H → (C∗)N+1 .
For a closed subvariety X of T and a hyperplane H ⊂ T, we define MLdeg(X \ H) to be
the maximum likelihood degree of X \ H as a closed subvariety of (C∗)N+1 via the above
embedding.
Let H
(1)
P , . . . ,H
(d)
P denote general hyperplanes in T passing through P.
Definition 1.3. Let X be a pure d-dimensional closed subvariety of T, and let P ∈ X be any
closed point. For k ∈ {0, 1, . . . , d+ 1}, define the k-th removal ML degree with respect to P by
rk(P,X) := MLdeg
(
X ∩ H(1)P ∩ H(2)P ∩ · · · ∩ H(k−1)P \ H(k)P
)
.
Our convention is that r0(P,X) = MLdeg(X) and r1(P,X) = MLdeg
(
X \ H(1)P
)
. When P,X
are clear, we simply write rk.
Remark 1.4. The above definition still makes sense when P ∈ (C∗)N is not contained in X. We
will use this generalized definition in the last section to improve computational performance
when we determine the value of EuX at different points of X.
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Definition 1.5. We define the maximum likelihood obstruction function of X at P by
(1) MLX(P) := (−1)dr0 + (−1)d−1r1 + · · ·+ rd − rd+1.
Remark 1.6. The removal ML degrees and MLX exhibit these properties.
• If X = {P} is a point, then MLX(P) = −((−1)11+ (−1)00) = 1.
• We have rd+1(P,X) equals the degree of X minus the Hilbert-Samuel multiplicity of X
at P.
• If X is smooth and P ∈ X is any point, we can check that MLX(P) = 1 as follows. The
variety X and all the hyperplane sections X ∩ H(1)P ∩ H(2)P ∩ · · · ∩ H(k)P are smooth. It
follows by Theorem 3.1, (−1)dr0 = χ(X), and
(−1)d−krk = χ
(
X ∩ H(1)P ∩ H(2)P ∩ · · · ∩ H(k−1)P \ H(k)P
)
for any k ∈ {1, . . . , d+ 1}. Since Euler characteristic is additive on locally closed subva-
rieties, one can derive that MLX(P) = χ(X)− χ(X \ P) = 1.
• The definition of MLX(P) depends on the variety X and its embedding to T. However,
similar to the ML degrees, we will see later that MLX(P) is a stratified topological
invariant on the analytic germ of X at P.
• The definitions of rk(P,X) and MLX(P) still make sense even if P ∈ (C∗)N is not
contained in X. In fact, if P ∈ (C∗)N \ X, then MLX(P) = 0.
Our main result is the following.
Theorem 1.7. Let X be a pure dimensional closed subvariety of T = (C∗)N . Then, the Euler obstruc-
tion function is equal to the maximum likelihood obstruction function, i.e.,
EX(P) = MLX(P)
for any point P ∈ X.
Remark 1.8. In the paper [10], the global Euler obstruction of a constructible complex is com-
puted using some similar constructions. However, [10] is more of a global nature. Suggested
by a note of Schürmann, our results can also be proved using Kashiwara’s local index theorem.
We will pursue this approach in another occasion.
Acknowledgement. We thank Xiping Zhang for helpful conversations. We also appreciate a
detailed note from Jörg Schürmann explaining a different approach of our result.
2. Euler obstruction function
In this section we define the Euler obstruction function and emulate notation from Dimca’s
book [3], where more details can be found.
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2.1. Euler obstruction of a pair. Let X be a pure dimensional complex algebraic variety, and
letSΛ(X) := {Sλ}λ∈Λ be a Whitney stratification of X. Given any two strata Sα and Sβ, one can
define an integer eα,β, called the Euler obstruction of the pair. Informally, this number measures
the complexity of the singularity of Sβ along Sα. Instead of defining Euler obstruction of a
pair using characteristic cycles (see [9, Section 2.3] and [4, Section 1.1]), we will use a theorem
of Kashiwara, and define the Euler obstruction of a pair using the Euler characteristic of a
complex link.
First, we define the Euler characteristic of the complex link V(Sα, Sβ) as follows.
• If Sα 6⊂ ∂Sβ, then V(Sα, Sβ) = 0, where ∂Sβ denotes the boundary of Sβ in X.
• If Sα ⊂ ∂Sβ, we fix a point P ∈ Sα, and fix an embedding of a neighborhood of X at P
into some complex vector space. Let B be a sufficiently small ball centered at P. Let L
be a subspace of dimension Sα + 1 in general direction, which does not contain P but
sufficiently close (relative to the radius of the ballB). Then,
V(Sα, Sβ) := χ(Sβ ∩ B ∩ L).
The homotopy type of Sβ ∩ B ∩ L, and hence the value of V(Sα, Sβ), does not depend on the
choice of P, B and L.
Remark 2.1. We use a slightly different notation as in [3, Page 100]. Our V(Sα, Sβ) is their
Vdim Sα+1(Sβ, Sα).
We use the following result of Kashiwara to define the Euler obstructions and avoid intro-
ducing characteristic cycles.
Definition 2.2. [9, Theorem 2.10] The Euler obstruction of the pair (Sα, Sβ) of Whitney strata,
denoted by eα,β, is defined as follows.
• If Sα 6⊂ S¯β, then eα,β = 0, where S¯β denotes the closure of Sβ in X.
• If Sα = Sβ, then eα,β = (−1)dim Sα .
• If Sα ⊂ ∂Sβ, eα,β = (−1)dim Sα+1V(Sα, Sβ).
2.2. Euler obstruction functions and inductive formulas. In this section, we recall the defini-
tion of the Euler obstruction and we give a new inductive formula to compute its values.
Definition 2.3. Let X be a pure dimensional complex algebraic variety, and let SΛ = {Sλ}λ∈Λ
be a Whitney stratification of X. Let Sρ denote the strata containing P and let Sτ denote the
strata Xreg. Denote by Flag(P,X) the set of all flags of strata of SΛ,
F = (Sρ = Si1 , Si2 , . . . , Sip−1, Sip = Sτ),
such that Sij ⊂ ∂Sij+1 for 1 ≤ j ≤ p− 1. We define
V(F) := ∏
1≤j≤p−1
V(Sij , Sij+1)
and
EX(P) := ∑
F∈Flag(P,X)
V(F).
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The function EX is called the Euler obstruction function of X.
Remark 2.4. It follows fromMacpherson’s original definition that the Euler obstruction function
is independent of the choice of the Whitney stratification.
By the definition of EuX, we have two inductive formulas to compute its value. If we group
up all the flags of Flag(P,X) with the same Si2 , we have the following inductive formula (see
[3, Proposition 4.1.37(iii)]):
EX(P) = ∑V(Sρ, Sα)EX(Pα) = (−1)dim Sρ+1 ∑ eρ,αEX(Pα)
where Pα is any point in Sα and the sum is over all α ∈ Λ such that Sρ ⊂ ∂Sα. On the
other hand, if we group up all the flags of Flag(P,X) with the same Sip−1, we have a different
inductive formula as follows,
(2) EX(P) = ∑ ES¯α(P)V(Sα, Sτ) = ∑ ES¯α(P)(−1)dim Sα+1eα,τ,
where Sα is the closure of Sα in X and the sum is over all α ∈ Λ \ {τ} such that Sρ ⊂ S¯α. If we
let ES¯α(P) = 0 for P /∈ S¯α, then we have the following proposition.
Proposition 2.5. Under the above notations, we have
(3) EX(P) = ∑
α∈Λ\{τ}
ESα(P)(−1)dim Sα+1eα,τ.
Remark 2.6. One can use induction on the dimension of X to show that EX can be determined
uniquely by formula (3) and that EX(P) = 1 if X = {P} is a point.
3. Topological aspect of maximum likelihood degree
Throughout this section we assume that T = (C∗)N is an affine torus and X ⊂ T is a pure
d-dimensional closed subvariety.
Theorem 3.1. [7, Theorem 1] When X is smooth, MLdeg(X) is equal to the signed Euler character-
istic of X, i.e.,
MLdeg(X) = (−1)dχ(X).
When X is singular, one needs to include correction terms to the above equation. What
these correction terms are is the content of the next theorem.
Theorem 3.2. [9, Corollary 2.8] Let
⊔
α∈Λ Sα be a Whitney stratification of X, such that Sτ = Xreg
is the smooth locus of X. Then,
(4) χ(Sτ) = ∑
α∈Λ
eα,τ MLdeg
(
Sα
)
where eα,τ is the Euler obstruction of the pair (Sα, Sτ) and Sα is the closure of Sα in T, which is a closed
subvariety of pure dimension.
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Since Sτ = X and since eτ,τ = (−1)d, equation (4) simplifies to
(5) (−1)dMLdeg(X) = χ(Sτ)− ∑
α∈Λ\{τ}
eα,τ MLdeg
(
Sα
)
.
Since the Euler obstruction function does not depend on the choice of the Whitney stratifica-
tion, we can choose the Whitney stratification X =
⊔
α∈Λ Sλ, such that Sτ = Xreg is the smooth
locus of X and Sρ = {P} is a fixed point in X.
Before proving Theorem 1.7, we recall some standard facts about general hyperplane sec-
tions.
Proposition 3.3. Suppose H ⊂ T is a general hyperplane passing through P. Then, the following
statements hold.
• If dim Sα ≥ 1, then dim(Sα ∩H) = dim Sα − 1. If dim Sα = 0 and α 6= ρ, then Sα ∩H = ∅.
• The stratification ⊔α∈Λ(Sα ∩ H) of X ∩ H is a Whitney stratification.
• If Sα ∩ H 6= ∅ and if α 6= ρ, then the Euler obstruction of the pair (Sα ∩ H, Sβ ∩ H) is equal
to the negative of the Euler obstruction of the pair (Sα, Sβ). In other words,
e(Sα∩H,Sβ∩H) = −e(Sα,Sβ).
Proof. The first two statements follow from Bertini’s Theorem. The last statement follows from
Definition 2.2. Indeed, H is general, when α 6= 1, the two pairs (Sα ∩ H, Sβ ∩ H) and (Sα, Sβ)
has the same complex link. In particular, V(Sα ∩ H, Sβ ∩ H) = V(Sα, Sβ). Since dim(Sα ∩H) =
dim Sα − 1, the two Euler obstructions differ by a sign. 
Proof of Theorem 1.7. When X = {P} is a point, we have MLX(P) = 1 by definition. Thus,
by Remark 2.6, it suffices to show that the ML obstruction function satisfies the inductive
formula (3) from Proposition 2.5.
First, we plug formula (5) into the definition of MLX, i.e., equation (1). By Proposition 3.3
(3), we obtain the following equation:
MLX(P) =
(
χ(Sτ)− ∑
α∈Λ\{τ}
eα,τr0
(
P, Sα
))
−
(
χ
(
Sτ \ H(1)P
)
− ∑
α∈Λ\{τ}
eα,τr1
(
P, Sα
))
−
(
χ
(
Sτ ∩ H(1)P \ H(2)P
)
+ ∑
α∈Λ\{τ}
eα,τr2
(
P, Sα
))
− · · ·
−
(
χ
(
Sτ ∩ H(1)P ∩ · · · ∩ H(d−1)P \ H(d)P
)
− (−1)(d−1) ∑
α∈Λ\{τ}
eα,τrd
(
P, Sα
))
− χ
(
Sτ ∩ H(1)P ∩ · · · ∩ H(d)P
)
.
(6)
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Since the Euler characteristic is additive for a stratification of algebraic variety into locally
closed subvarieties, we have
χ(Sτ) = χ
(
Sτ \ H(1)P
)
+ χ
(
Sτ ∩ H(1)P \ H(2)P
)
· · ·+ χ
(
Sτ ∩ H(1)P ∩ · · · ∩ H(d)P
)
.
For α ∈ Λ \ {τ}, we have dim Sα < d, hence the following equation:
MLS¯α(P) = (−1)dim Sαr0
(
P, Sα
)
+ (−1)dim Sα−1r1
(
P, Sα
)
+ · · ·+ (−1)dim Sα−drd
(
P, Sα
)
.
Here we recall our convention that MLdeg(∅) = 0. After rearranging the terms, equation (6)
becomes the following equality
MLX(P) = ∑
α∈Λ\{τ}
eα,τ
(
−r0
(
P, Sα
)
+ r1
(
P, Sα
)
+ · · ·+ (−1)d+1rd
(
P, Sα
))
= ∑
α∈Λ\{τ}
(−1)dim Sα+1eα,τMLSα(P).
(7)
This proves that MLX satisfies the same inductive formula (3) as EuX. 
4. Algorithms and examples
In this section we provide algorithms to compute values of EuX and illustrative examples.
4.1. Algorithm for computing Euler obstruction functions. The following algorithm com-
putes the Euler obstruction function.
• Input: A point P ∈ (C∗)N . and a system of equations F defining the d-dimensional
variety X.
• Output: MLX(P).
• Procedure:
(1) For i = 1, 2 . . . , d, construct general affine linear polynomials H
(1)
P ,H
(2)
P , . . . ,H
(d)
P
that vanish at the point P.
(2) For k = 1, . . . , d, compute the k-th removal ML degree of X with respect to P and
store this value as rk(P,X).
(3) Return the value of the alternating sum in equation (1).
The proof of correctness for the above algorithm is as follows.
Proof of Correctness. Item (1) can be constructed for the following reason. Fix a Whitney stratifi-
cationS(X). LetU be the set of hyerplanes defined by a regular sequence
{
H
(1)
P ,H
(2)
P , . . . ,H
(d)
P
}
such that S intersects H
(1)
P ∩ · · · ∩ H(k)P transversally for each S ∈ S(X). Then U is a dense
Zariski open subset and a member can be constructed by a choosing a random linear combi-
nation of minimal generators of the ideal of P. By algorithms computing ML degrees [6], item
(2) can be achieved. Item (3) follows from Theorem 1.7. 
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4.2. Illustrative Examples.
Example 4.1. Consider a general very affine curve X of degree D in (C∗)2. We have the
following values for the removal ML degrees, where P0 is a general point in (C∗)2 and P1 is a
smooth point on the curve:
k : 0 1 2 MLX
rk (P0,X) : D
2 D2 + D D 0
rk (P1,X) : D
2 D2 + D D− 1 1.
If the very affine curve X is the nodal cubic we have the following values, where P2 is the
singular points of the curve:
k : 0 1 2 MLX
rk (P0,X) : 7 10 3 0
rk (P1,X) : 7 10 2 1
rk (P2,X) : 7 10 1 2.
Example 4.2. In this example we consider a hyperelliptic curve X defined by
(y− 2)2 = (x− 1)(x5 + 2x+ 5)2.
This curve has five isolated singularities:
P1 := (ζ1, 2), P2 := (ζ2, 2), P3 := (ζ3, 2), P4 := (ζ4, 2), P5 := (ζ5, 2),
where ζ is a root of x5 + 2x + 5. While the x coordinates of the singular points cannot be
written in radicals, they can be approximated numerically as
−1.20892, −0.562583± 1.23444√−1, 1.16704± 0.940954√−1.
Let P0 denote a general point on the curve. Then we have the following removal ML degrees:
r0(P0,X) = 12 r1(P0,X) = 23 r2(P0,X) = 10
r0(Pi,X) = 12 r1(Pi,X) = 23 r2(Pi,X) = 9 for i 6= 0.
Therefore, the values of MLX are MLX(P0) = 1 and MLX(Pi) = 2 for i 6= 0.
Example 4.3. In this example we consider a Whitney umbrella. We apply a coordinate change
to x21 − x22x3 taking xi → xi − 1 − 2i−1. We take the Whitney stratification of X to be the
point (2, 3, 5), the singular points of X minus the previous point, and the smooth points of X.
Let P3, P2, P1 be points of the previous respective strata. Then, the removal ML degrees and
maximum likelihood obstruction function values are as follows.
k : 0 1 2 3 MLX
rk (P1,X) : 3 10 10 2 1
rk (P2,X) : 3 10 10 1 2
rk (P3,X) : 3 10 9 1 1
We see that these values agree with the values of the Euler obstruction function. Indeed,
we see Flag(P3,X) has two flags: F1 = (Sρ ⊂ Sτ) with two strata and F2 containing all three
strata. We have V(F1) = −1 and V(F2) = 2.
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The next example appears in statistics and is the determinant of a Hankel matrix.
Example 4.4. Let X denote the variety defined by 1 = x1 + x2 + x3 + x4 + x5 and
0 = det

 12x1 3x2 2x33x2 2x3 3x4
2x3 3x4 12x5

 .
Let P0 a general point of (C∗)5 \ X, P1 denote a general smooth point of X, and P2 denote a
general singular point of X. Then, the removal ML degrees are as follows.
k : 0 1 2 3 4 MLX
rk (P0,X) : 12 42 48 21 3 0
rk (P1,X) : 12 42 48 21 2 1
rk (P2,X) : 12 42 48 19 1 0
If we change the affine constraint to x1 = 1, then we have the removal ML degrees.
k : 0 1 2 3 4 MLX
rk (P0,X) : 0 16 31 18 3 0
rk (P1,X) : 0 16 31 18 2 1
rk (P2,X) : 0 16 31 16 1 0
Thus, the respective values of MLX of the two tables agree despite having different removal
ML degrees.
4.3. Homotopy continuation. In this subsection we use homotopy continuation to determine
the removal ML degrees of points in X from the removal ML degrees of a general point in
(C∗)N \ X.
Let X be a pure d-dimensional subvariety of (C∗)N with coordinates (z1, . . . , zN). Let γ :
[0, 1] → (C∗)N be a smooth path such that γ(t) ∈ (C∗)N \ X for 0 ≤ t < 1 and γ(1) ∈ X.
For a fix a set of general directions A of k hyperplanes in (C∗)N , which can be considered
as an N × k-matrix of rank k. For each point γ(t) ∈ (C∗)N , there exists a column vector
(p1(t), . . . , pk(t))
T
such that γ(t) is contained in the affine subspace defined by
A ·


z1
z2
· · ·
zN

 =


p1(t)
p2(t)
· · ·
pk(t)

 .
Denote the i-th row of A by Ai, and let H
(i)
t be the hyperplane defined by
Ai · [z1, z2, . . . , zN ]T = pi(t)
for 1 ≤ i ≤ k.
Proposition 4.5. With the notation above, for a general choice of A ∈ CN×k and general (u1, u2, . . . , uN+1) ∈
CN+1 (away from a real algebraic subset of codimension one in CN×k × CN+1), for every t ∈ [0, 1] the
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hyperplanes H
(1)
t ,H
(2)
t , . . . ,H
(k)
t are in general position and the 1-form
ηt := u1
dz1
z1
+ u2
dz2
z2
+ · · ·+ uN dzN
zN
+ uN+1
dy
y
is a general 1-form on X ∩H(1)t ∩H(2)t ∩ · · · ∩H(k−1)t \H(k)t in the sense of Definition 1.3 (and Remark
1.4), where y = Ak · (z1, z2, . . . , zN)− pk(t). In particular, the 1-form ηt has only regular degeneration
points on X ∩ H(1)t ∩ H(2)t ∩ · · · ∩ H(k−1)t \ H(k)t , and the number of degeneration points is equal to
rk(γ(t),X).
Proof. For a given t, the non-general choice of A and (u1, u2, . . . , uN+1) is contained in an
algebraic hypersurface in CN×k×CN+1. As t varies in the interval [0, 1], the union of bad locus
of all t is contained in a real analytic set in CN×k × CN+1 of real codimension one. Thus, the
proposition follows. 
Corollary 4.6. Fixing a general choice of A and (u1, u2, . . . , uN+1), one obtains all of the degeneration
points of the 1-form η1 on X ∩ H(1)1 ∩ H(2)1 ∩ · · · ∩ H(k−1)1 \ H(k)1 by homotopy continuation from the
degeneration points of the 1-form η0 on X ∩ H(1)0 ∩ H(2)0 ∩ · · · ∩ H(k−1)0 \ H(k)0 .
Proof. This follows from the above proposition and the standard coefficient-parameter theory
(see [11, Theorem 7.1.1]). 
Remark 4.7. If we need to compute the value Euler obstruction at several points on the variety
X ⊂ (C∗)N , we can use the above corollary to reduce to total amount of computation as
follows. Suppose we want to compute rk(Qj,X) for a sequence of points Qj ∈ X. First, make
general choices of P ∈ (C∗)N , A ∈ CN×k and (u1, u2, . . . , uN+1) ∈ CN+1. For each Qj, let
γ : [0, 1] → (C∗)N be the line segment from P to Qj. Since P is general, γ(t) ∈ (C∗)N \ X for
all t ∈ [0, 1). Compute the degeneration points of η0. Then, use homotopy continuation to find
the degeneration points of η1.
Example 4.8. Let X denote the 3 × 3 rank two matrices with the affine constraint x11 = 1.
Let P0 denote a general point in (C∗)9 \ X, P1 a general smooth point in X, and P2 a general
singular point in X. We compute the following removal ML degrees:
k : 0 1 2 3 4 5 6 7 MLX
rk (P0,X) : 39 204 444 519 351 138 30 3 0
rk (P1,X) : 39 204 444 519 351 138 30 2 1
rk (P2,X) : 39 204 444 519 351 136 28 1 2.
To compute these numbers, we first compute the degeneration points with respect to rk(P0,X)
for each k. Then, we use homotopy continuation to take these degeneration points to the
degeneration points of ηX with respect to rk(Pi,X) for i = 1, 2. We observe a consequence of
Corollary 4.6 that the the numbers of the k-th column are bounded above by rk(P0,X).
The values of MLX are consistent with the computation in [9].
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